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SUMMARY 


On the basis of linearized- supers onic- flow theory, the lateral force 
and yawing moment due to combined angle of attack and rolling have been 
evaluated for families of thin sweptback tapered wings with streamwise 
tips. Equations were derived for wings that are contained between the 
Mach cones springing from the wing apex and from the trailing edge of the 
root section, that is, wings with subsonic leading edges and supersonic 
trailing edges. Some calculations, based on these equations, are included 
for groups of wings with subsonic trailing edges. 


Design charts 

derivatives C v 
I P 


are presented which permit estimation of the stability 
and C n for given values of Mach number, aspect ratio. 


taper ratio, and leading- edge sweep. Some illustrative variations of the 
derivatives with these parameters are also included. All numerical data 
are presented relative to a body-axes system with moments taken about the 
wing apex. For convenience in application, 'formulas are given for trans- 
forming from this system to a stability-axes system with moments taken 
about an arbitrary point. 


INTRODUCTION 


A number of papers dealing with the theoretical calculations of 
stability derivatives at supersonic speeds have been published to date. 
Wing plan forms that have been treated in detail include the rectangular, 
trapezoidal, and triangular wings and modified forms of the triangular 
wing. (See, for example, references 1 to 10. ) An important group of 




2 


NACA TN 2122 


plan forms for -which only a few of the stability derivatives have been 
investigated consists of sweptback wings with streamwise tips. The lift- 
curve slope C T and the damping- in- roll derivative C-, have been 

P 

calculated for streamwise-tip wings and are presented in references 11 and 
12. Other papers presenting calculations for this group of plan forms 
include references 13 to 15 - 

The present paper treats the lateral force and yawing moment due to 
combined angle of attack and rolling at supersonic speeds for sweptback 
tapered wings with streamwise tips and subsonic leading edges. 1 (An edge 
is termed "subsonic" if the stream- flow component normal to the edge is 
subsonic, and is termed "supersonic" if the normal conqponent is super- 
sonic.) The analysis is based on an application of linearized theory and 
is therefore subject to all the usual restrictions and limitations. It 
is appropriate to point out that the degree of applicability of these 
derivatives to actual full-scale wings may be somewhat uncertain for the 
reasons (relative to suction- force evaluation) pointed out in reference 4 
for triangular wings. 

Results are given in the form of generalized equations for the 
stability derivatives Cy and C_ together with a series of design 

P 

curves from which estimates of the derivatives can be made for given 
values of aspect ratio, taper ratio, Mach number, and leading-edge sweep. 
For illustrative purposes, variations of the derivatives with these 
parameters for specific wing configurations are also presented. 


SYMBOLS 

x,y Cartesian coordinates of an arbitrary point 

V flight speed 

v n induced velocity normal, to edge 

8 n perpendicular distance from edge 

a angle of attack 

p,r angular velocities about x- and z-axes, respectively 

M stream Mach number 

M n Mach number of flow component normal to an edge 

P 


Mach angle 
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m = B cot A 
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O) 

q> 
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cotangent of Mach angle (|/M^ - 1 
suction force 
lateral force 
rolling moment 
yawing moment 

sweepback angle of leading edge 


root chord 

distance from wing apex to moment reference, root chords 
taper ratio (ratio of tip chord to root chord) 
wing span 
wing area 


aspect ratio 


(a - *£ - .. 

\ s c r (l + 


IT 


geometric parameter of wing 

velocity potential 
density of air 

rolling- moment coefficient 




2c, 


cot A = 


4m \ 

AB(1 + \)J 


L* 


ipv%by 


Cy 


lateral- force coefficient 


lpv% ; 


'n 


yawing-moment coefficient 


N 
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Subscripts: 

1,2 refer to leading edge and tip, respectively 

a,p refer to lift and roll, respectively 

a moments taken about wing apex 

R,L refer to right and left edges, respectively 

All angles are measured in radians. 

, f ANALYSIS 

Scope 


The basic sweptback wings considered in the present paper are 
sketched in figure 1. These wings have subsonic leading edges and 
supersonic trailing edges; an added restriction is that the Mach lines 
.emanating from the wing tips may not intersect on the wing. Equations 
are derived herein for the lateral force and yawing moment due to com- 
bined angle of attack and rolling specifically for plan forms satisfying 
these limitations. . These equations are utilized in extending the range 
of computations to include some plan forms with subsonic trailing edges. 
Application and interpretation of the results are subject to the inherent 
restrictions and limitations of the linearized- thin-airfoil theory of 
supersonic flow. • 

The orientation of the wing with respect to a body system of coordi- 
nate axes used in the analysis is indicated in figure 2(a). The surface 
velocity potentials used herein and the expressions for the stability 
derivatives are derived with respect to this system. All calculations 
for the derivatives Cy and C_ are presented relative to this same 

P 

system of body axes. For convenience, the moments are taken about the 
wing apex and are considered positive for clockwise rotation. Trans- 
formation equations are presented for moments taken about an arbitrary 
point and also for converting the derivatives to a stability-axes system. 
(See fig. 2(b) for orientation of stability axes.) 


Basic Considerations 

The lateral force and yawing moment due to rolling relative to body 
axes for a very thin wing without dihedral arise entirely from suction 
forces on the wing edges. For the general plan form under consideration. 
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these suction forces are along the leading edge and wing tip and may he 
evaluated hy applying a method suggested In reference 1 6 for incompressi- 
ble flow and modified for compress ibility effects in reference 3* Thus, 
if the induced surface velocity normal to and in the immediate vicinity 
of a subsonic edge is expressed as 


( T n) 


s n — >0 



( 1 ) 


where s n is the perpendicular distance from the edge and G is a 
constant, there results a suction force per unit length of edge 


F = itpG 2 |4T- M n 2 (2) 

where M n is the Mach number of the stream component normal to the edge. 

An expression for the suction force per unit length of leading edge 
F-^ which is directly applicable to the subsonic leading edge of the wing 

under consideration herein (see fig. 1) may be obtained from reference 4 
and is as follows 


F^ = ^pxj/l - m 2 cot A J 


a 2 ? 2 


e (^1 - m ^) ‘ 


[K*)] 2 P 2 x 2 cot 2 A I(m)aVpx cot A 

k * 


E 


(V 1 - m2 ) 

( 3 ) 


where the plus sign is to be used for the right leading edge and the minus 
sign for the left leading edge. 


An expression for the suction force along the wing tips must now he 
derived. Consider the induced surface velocity normal to the streamwise 
tip of a wing rolling with an initial angle of attack. . This velocity is 


Sep 

V *2 = 





where the subscript 2 refers to the tip, the subscripts a and p 
denote lift and roll, respectively, and cp is the linearized velocity 
potential. For streamwise-tip wings with subsonic leading edges and 
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supersonic trailing edges, equations for the potentials (cp) a and. (cp) 

are derived, in reference 11. These potentials were based on an approxi- 
mation to the exact linearized solution (see reference 11 ) and rendered 
results therein that were in good agreement with computations based on 
a more exact analysis. It appears reasonable to assume, therefore, that 
for purposes of the present investigation the use of these potentials 
will lead to results that are of satisfactory accuracy. 


The potentials (valid for the wing region between the 
the tip Mach line) are as follows: 


right tip and 


M a 


2Vg/2 /( By + mx) (b - 2y) 
B(1 + m) 


(5) 


p/2 {2yB(2m + l) + bB(m + l) - 2mx] . 

(t) p = 57p —/(By + mx)(b - 2y) 

3 rt [0- + ei)bj 7 


( 6 ) 


Corresponding expressions for the left wing-tip region are obtained by 
replacing y by -y in equations ( 5 ) and ( 6 ) and multiplying the right- 
hand side of equation ( 6 ) by the quantity -1. Inasmuch as (cp) a is. 

symmetrical and (cp) p antisymmetrical with respect to the x-axis it is 

sufficient to work with the right half-wing (equations ( 5 ) and ( 6 )) and 
use the appropriate sign for the left half-wing. 

Differentiation with respect to y yields 


-Va/2 

2mx + 4By - bB 

«/b (1 + m) 

/(By + mx)(b - 2 y) 


(7) 


and 


& 


Pl/2 


1 

3,Ei + m)B + ^ + “H* - ^ - 


[2yB(2m + 1) + bB(m + l) - 2mxj 


4By + 2mx - bB 
2|^(By + mx) (b - 2y) 




( 8 ) 
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Substitution of equations (7) and (8) in equation (4) and evaluation 
of the resultant expression for v n in the immediate vicinity of the tip 


(i.e., |y | _>§) yields 




r , 1 

1 < 

_ Vaj^i/bB + 2mx _ p(3mbB + 2bB - 2mx)|/bB + 2mx| 

l/t-M 

«^B(l + m) 3 * 1/2 |b( 1 + m)l 3//2 


(9) 


where the plus sign is to be used for the right edge and the minus sign 
for the left edge. 

Equation (9) is seen to- have the same form as equation (1) and, 
therefore, the suction force per unit length along the wing tip may be 
obtained from equation (2). For a streamwise tip, 1^ = 0 and the 
suction force is expressible as 


™ p(Bb + 2mx) 
Fg = 

2:tB(l + m) 


. o p 4Vap(3mbB + 2bB - 2mx) p 2 (3mbB + 2bB - 2mx) 2 
Wa + + 

3B(1 + m) 9B 2 (1 + m) 2 


( 10 ) 


In equation (10) only the term ' 

27ap(3mbB + 2bB - 2mx)p(Bb + 2mx) 
3itB 2 (l + m) 2 


will give rise to a lateral force and a yawing moment; the force and 
moment are obtained by integrating this term along the wing tips. 
Inasmuch as the other terms of equation (10) have the same sign for 
both the left and the right wing tips, the net contribution of these 
terms to the lateral force and yawing moment of the wing will be zero. 
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Applications of equations ( 3 ) and' (10) to the derivation of the 
stability derivatives Cy and C n are given in the folio-wing sections. 

P 


Stability Derivative Cy 


The lateral component of the suction force along the leading edge 
is expressible as follows (see reference 4): 


J n \ 1>I*/ 


Y l = 


npl/l - m 2 (cot 2 A)aVpl(m) f 2 t8n A 

= J o 

it 3 , .I(m)|/l - , 

= —-VpdVp(tan A)— r-========s- (ll) 

24 .. 


where the subscripts R and L refer to the right edge and left edge, 
respectively. The lateral force coefficient is formed by division by 

ipV% aqd the derivative with respect to ( £— ) 

27 ^ 


is the stability 


derivative C-y . Thus 
X P 



jtctAB l(m) \Jl - If 
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or 



( 12 ) 


The lateral force due to t]ie suction along the tips is 
Y 2 = J^ ±p ( F 2,R " F 2,L> 


ApVqp 

3rtB 2 (l + m) 2 


ogd+lm) 

hB/2m 


(3mhB + 2bB - 2mx) (bB + 2mx)dx 


•= pV ^ 3B3XtU 0 - [l2(3m + 1) + 3M3m - 1) - 2>, 2 o^l ( 13 ) 

9«B 2 (l + m)2m *- 


Converting to derivative form in terms of the parameters m, AB, and 
X yields 



| . ^ . 

2 3 

3(3m + 1) [AB(1 + X)] + 3M3m - l) [AB(l + 1)] - ,8\ 2 m 2 ( 

Va J 

2 9it(l + X) 


AB(1 + X)(l + m) 

J 


(lb) 


The derivative for the complete wing is obtained by adding the components 
given by equations (12) and (l4), that is. 



a 


2 


( 15 ) 
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The expressions for the derivative C v have been derived relative 

*P 

to a system of body axes. Additional terms arising from a transformation 
to stability axes result in negligible changes in the derivative for small, 
angles of attack. The derivative, therefore, may be considered satisfactory 
for either system of axes. 


Stability Derivative C n 

P 

The yawing m ome nt of the leading-edge suction about the wing apex is 
expressible as (see reference 4) 


Ni = - 


tan A . . 

-f 0 (*1,H " F 1,l)( C 8c2a ) X 




e(/i - m 2 ) 


(16) 


(The minus sign for the moment indicates counterclockwise rotation. ) 

The yawing-moment coefficient is formed by division by ipV^Sb and 


the derivative with respect to (—) 

\2V, 


m^o 

2V 


is the stability derivative C„ 

■Ll T 



Thus 
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or 


(' 


«AB 


a / la 16 (m 2 B ) 


S. 


J(m) 


(IT) 


The yawing moment due to the suction force along the tips 1 b 


F2a - ~J Tiv ( F 2,R " F 2,l) X dX 


bB, 


UpVap /isfl+lcD) 

— / (3mbB + 2bB - 2mx)(bB + 2mx)x dx 

\ 2 J -UT> / Or 


3*B >(l + m)* ^"bB/ 2m 


pVapb^Xx) 
36itB 2 (l + m)^ 2 


|24-(3m + 1) + 6mXa}(2Xm + 9) - Xcd(3X 2 cjc£ + 8Xa> - 6j 


(18) 


Converting to derivative form in terms of the parameters m, AB, . B, 
and X yields 


32XB 


2a 9«nt(l + m) 2 (l + X) [AB(1 + X)] 


3(3m + 1) [AB(1 + X)J + 


3mX(l + 9m) |AB(1 + X)^ + 8m 2 X 2 (3m -2) |aB( 1 + xjj - 24m 3 X 3 


(19) 

The derivative for the complete wing is obtained by adding the components 
given by equations (17) and (19), that is. 


'%) . (S\ . (\ 


a 


a \ a /la ' a '2a 


( 20 ) 
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The expressions for the derivative (C n \ have been derived 

V ^/a 

relative to a system of body axes -with moments taken about the wing apex. 
To transform the moment reference to an arbitrary point located at a 
distance from the wing apex equal to h (measured in root chords) the 
following equation may be used: 



or for the wings considered herein 


C„ =■ (C n ) ± — Cy (2 

V M a A(1 + A) j? 

(The plus sign is to be used -when the new reference point is located 
rearward of the wing apex, the minus sign when the reference point is 
ahead of the wing apex. ) 


The expression for 



given in equation ( 21 ) may be further 


utilized in transforming to the system of stability axes. 


If 



t 


denotes the derivative relative to the stability system and C the 

n P 


quantity given by equation ( 21 ), the following relationship will render 
excellent accuracy for small angles of attack:' 



( 22 ) 


Inasmuch as the present paper treats only the derivatives Cy and C , 

P 

estimates of the damping- in- roll derivative Cj and the damping- in- yaw 
derivative must be obtained from other sources. Values of C 7 

i±r <-p 

for the wings considered herein may be readily obtained from reference 11 . 
Corresponding calculations for the stability derivative C n are 

unavailable, but the contribution of this term relative to Cj is 

small for most practical plan forms and thus may usually be neglected 



NACA TN 2122 


Ik 


in equation (22) -without introducing a significant error in the value 
of the derivative C^ 1 . For wings of very low aspect ratio, however. 



is appreciable and should not he neglected. 


RESULTS AND DISCUSSION 


Since the functions E\yl - l(m), and J(m) appear in the deri- 

vation of the stability derivatives, variations of these functions with the 
parameter m are presented in figure 3 for convenience in applying the 
final equations. 

As stated previously, the equations were derived for wings with 
subsonic leading edges and supersonic trailing edges. For configurations 
where the trailing edge is "slightly" subsonic, the derived equations 
may be used to yield rough estimates of the derivatives although the 
effect of the subsonic trailing edge has been neglected. For conditions 
where the trailing-edge Mach line intersects the tip, that is. 


< B cot A < 

% + BA(1 + X) BA(1 + X) + lt(l - X) 


the error introduced by neglecting the subsonic-edge effect is less than 
the error for conditions where the Mach line intersects the leading edge, 
that is. 


B cot A < 


. BA(1 + X) 
k + BA(1 + X) 


The error may be quite appreciable for many combinations of Mach number 
and plan- form parameters. Accordingly, extreme caution should be exer- 
cised in interpreting the rough estimates obtained for subsonic- trailing- 
edge plan forms. 


^ ' J gn-chart calculations (computed from equation ( 15 )) for the 
derivative Cy_^ are presented in figure 4 in terms of the parameters AB, 

B cot A, and X. Dashed boundary lines are drawn to indicate regions of 
different trailing-edge conditions wherever feasible (i.e., figs. Mb) 
to 4(e)). Inasmuch as a single curve was sufficient to present results 
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for X = 0 (fig. 4(a)), boundary lines could not be indicated (since 
tbey are a function of the parameter AB) . For convenience, the mathe- 
matical relationship governing the edge condition is presented in the 
figure. 


Design-chart calculations for the derivative C_ relative to body 

n P 


axes with moments taken about the wing apex are presented in figures 5 
and 6. For convenience of presentation, the derived expression for C 


(equation (20)) has been subdivided into three components (%). 
, and ^ C np^ * Figure 5 presents the components 

(S), 




and 


both of which are independent of taper ratio; figure 6 presents 
'a B 

the component 


(S)^' 


The derivative is obtained by summing the com- 


ponents , that is , 


(sl - (sL + (%L + (sic 


(23) 


As with the charts for C v , either dashed boundary lines or mathematical 

*P 

relationships are included in the figures to indicate regions of different 
trailing-edge conditions. It is noted that figure 6 does not include 
curves for X = 0; the component i 0 zero for wings of X = 0 

and hence may be disregarded in equation (23). 

Some illustrative variations of the derivatives with Mach number, 
aspect ratio, taper ratio, and leading-edge sweepback are presented in 
figures 7 and 8. The derivatives are once again presented relative to 
"body axes with moments taken about the wing apex. Caution must be exer- 
cised in interpreting these variations, however, inasmuch as the results 
and trends will depend on the system of axes used, the point about which 
moments are taken, and the specific plan form under consideration. 

The data presented in the design charts and illustrative variations 
may be transformed to a stability-axes system with moments taken about 
an arbitrary point by use of equations (21) and (22). 
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CONCLUDING REMARKS 


On the basis of the linearized theory for supersonic flow, the 
lateral force and yawing moment due to combined angle of attach and 
rolling have been evaluated for some families of sweptback tapered 
wings with streamwise tips and subsonic leading edges. 

Results of the analysis are presented in the form of design charts 
which permit estimation of the stability derivatives Cy^ and C n . 

Some illustrative variations of the derivatives with aspect ratio, taper 
ratio, Mach number, and leading- edge sweep are also presented. All 
numerical data are presented relative to a body-axes system with moments 
taken about the wing apex. For convenience in application, formulas are 
given for traps forming from this system to a stability- axes system with 
moments taken about an arbitrary point. 


Langley Aeronautical Laboratory 

National Advisory Committee for Aeronautics 

Langley Air Force Base, Va. , April 12, 1950 
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(a) Sveptback trailing edge. (b) Sweptforward trailing edge. 

Figure 1.- Sweptback wings considered in the analysis. 
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3 cot JK. 

(a) X = 0 . 

Figure 4.- Variations of the stability derivative Cy^ with the parameter 

B cot A. (Results are valid for either body or stability system of 
axes; a is measured in radians. Data for plan forms with subsonic 
trailing edges have limited significance - Bee section of text entitled 
"Results and Discussion.") 
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(b) X = 0.25. 
Figure k.- Continued. 
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(d) X B 0.75. 

Figure 4.- Continued. 
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. Figure 5.- Variations of the stability-derivative components (Cnp^a^ 
and f Cn^„n with the parameter B cot A. (Results are valid for 

V - • 

a body-axes system with moments taken about the wing apex; a is 
measured in radians. Data for plan forms with subsonic trai ling 
edges have limited significance - see section of text entitled 
"Results and Discussion. ") - (a^ + (C n X* + (PuAn- 
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(a) X = 0.25. 

Figure 6.- Variations of the stability-derivative component (^n^ &c wlth 

the parameter B cot A. (Results are valid for a body-axes Bystem with 
moments taken about the wing apex; a is measured in radians. Data 
for plan forms with subsonic trailing edges have limited significance - 
see section of text entitled "Results and Discussion. ) 

(%)a = (° n p)aA + ( Cn p)aB + (° n p)aC' 
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■(d) X = 1.00. 
Figure 6.- Concluded. 





■with Mach number, aspect ratio, leading-edge svreepbach, and taper 
ratio. (Results are valid for either body or stability system of 
axes: a is measured in radians.) 
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